We investigate planetesimal accretion via a direct N-body simulation of an annulus at 1 AU orbiting a 1 M ⊙ star. The planetesimal ring, which initially contains N = 10 6 bodies is evolved into the oligarchic growth phase. Unlike previous lower resolution studies, we find that the mass distribution of planetesimals develops a bump at intermediate mass after the oligarchs form. This feature marks a boundary between growth modes. The smallest planetesimals are packed tightly enough together to populate mean motion resonances with the oligarchs, which heats the small bodies, enhancing their growth. If we depopulate most of the resonances by decreasing the width of the annulus, this effect becomes weaker. To clearly demonstrate the dynamics driving these growth modes, we also examine the evolution of a planetary embryo embedded in an annulus of collisionless planetesimals. In this case, we find that the resonances push planetesimals away from the embryo, decreasing the surface density of the bodies adjacent to the embryo. This effect only occurs when the annulus is wide enough and the mass resolution of the planetesimals is fine enough to populate the resonances. The bump we observe in the mass distribution resembles the 100 km power law break seen in the size distribution of asteroid belt objects. Although the bump produced in our simulations occurs at a size larger than 100 km, we show that the bump location is sensitive to the initial planetesimal mass, which implies that this feature is potentially useful for constraining planetesimal formation models.
INTRODUCTION
The standard scenario of terrestrial planet formation involves the pairwise accretion of small rocky bodies, called planetesimals, that condense from dust out of the protostellar disc (Safronov & Zvjagina 1969) . This accretion process can be broken into a series of distinct stages. First, dust particles settle toward the midplane of the disc and clump together via gravitational instability (Goldreich & Ward 1973; Youdin & Shu 2002) , streaming instabilities (Johansen et al. 2007 (Johansen et al. , 2015 , turbulent concentration (Chambers 2010; Cuzzi et al. 2010 Cuzzi et al. , 2008 Hopkins 2016) or direct sticking (Garaud et al. 2013; Kataoka et al. 2013; Okuzumi et al. 2012; Windmark et al. 2012 ). These formation models predict a wide variation in the initial size of planetesimals, ranging from hundreds of meters up to a few hundred kilometers in diameter.
After this condensation process ends, growth continues ⋆ E-mail: scw7@uw.edu (SCW), trq@astro.washington.edu (TRQ) via pairwise collisions between planetesimals. Above about 1 km in size, gravitational focusing becomes effective and the collision rate strongly increases. This marks the beginning of the intermediate stage of accretion. During this phase, runaway growth (Wetherill & Stewart 1989; Kokubo & Ida 1996; Barnes et al. 2009 ) quickly increases the size of the largest bodies. Eventually, the largest bodies grow massive enough to heat the small planetesimals via dynamical friction, which then inhibits the runaway growth effect. This marks the transition into the phase of oligarchic growth in which the handful of large bodies all tend to grow at the same rate. This produces a bimodal size distribution of planetesimals, with many small bodies and a handful of very large bodies. During this phase, a combination of scattering events between the oligarchs and dynamical friction from the small planetesimals places the oligarchs on nearly circular orbits that are spaced apart by approximately 5-10 Hill radii (Kokubo & Ida 1998) . Eventually, the oligarchs accrete most of the available material in the vicinity of their orbit, which eventually throttles their growth rate. On much longer time scales, the large bodies perturb each other onto cross-ing orbits, forming Mars to Earth sized bodies via occasional collisions. This phase of late stage accretion is highly chaotic and takes much longer to play out than the previous stages (Chambers & Wetherill 1998; Raymond et al. 2006) . Generally, planetesimal accretion models fail to produce a configuration of planets that resembles that of the Solar System. Planets produced in the vicinity of Mars are systematically too massive (Wetherill 1992; Raymond et al. 2009; Morishima et al. 2010; Izidoro et al. 2015) and the terrestrial planets that form are too eccentric compared to their Solar System counterparts (Chambers & Wetherill 1998; Agnor et al. 1999; Chambers 2001) . In addition, the present day water content of Earth, along with the large D/H ratio of Venus (Donahue et al. 1982) does not match with models of solids that condensed out of the Solar nebula at 1 AU.
These issues all have proposed solutions, which generally involve altering the initial conditions for late-stage accretion simulations. The condition of the Solar System at the beginning of the late stage accretion phase is poorly constrained. This is mostly due to the fact that planetesimal formation, and therefore the intermediate accretion phase which produces the planetary embryos, is not well understood. Although the present day population of small Solar System bodies has continued to evolve since the end of the intermediate accretion phase, the current size frequency distribution (SFD) of asteroid belt and Kuiper belt objects contains some clues about the accretion history. Morbidelli et al. (2009) argued that the SFD of asteroid belt objects larger than 100 km in diameter has been largely unchanged, aside from a size independent depletion factor. Duncan et al. (1989) did a long term stability analysis of small Solar System objects and found that small bodies left over from accretion should still be largely unperturbed. For these reasons, it should be possible to connect observables in the Solar System to planetesimal formation theories by modelling only the intermediate stages of accretion.
There are two common ways to model planetesimal growth. A powerful approach is to use statistical methods to track the evolution of large groups of planetesimals. This is known as the particle-in-a-box method (Greenberg et al. 1978; Wetherill & Stewart 1989) . The evolution of growth is followed by tracking planetesimals in discrete bins of mass and semi-major axis. This removes the need to calculate the motion of every individual body and allows very large collections of planetesimals to be followed. Unfortunately, the dynamics that governs the evolution of these bodies does not always naturally emerge with this approach. As an example, Weidenschilling (2011) found that a careful treatment of three body encounters led to a different prediction for the initial size distribution of planetesimals near the asteroid belt. Additionally, the particle-in-a-box method is not well suited for studying oligarchic growth because the largest mass bins, which dominate the evolution in this stage, contain small numbers of bodies. Additionally, non-gravitational effects such as gas drag and fragmentation are difficult to implement self-consistently (Leinhardt 2008) . To alleviate some of these issues while still being able to model large populations, a newer hybrid approach, in which large bodies are treated as single entities and planetesimals are treated as statistical ensembles has been developed (Levison et al. 2012; Morishima 2015) .
The most reliable and straightforward approach is to use N-body methods to follow the evolution and growth of the planetesimals (Lecar & Aarseth 1986) . By tracking the individual motions of bodies, the dynamics governing their evolution naturally emerges, no matter what the distribution of bodies looks like. However, N-body simulations involving collision detection are extremely computationally expensive, which severely limits both the resolution and number of timesteps that can be achieved. This is why there are very few studies of runaway and oligarchic with direct N-body simulations in the literature (Kokubo & Ida 1996 Barnes et al. 2009 ). Instead, N-body methods are most commonly used to study late stage accretion, where the selfgravity and collisional evolution of the residual planetesimals is largely unimportant (Chambers & Wetherill 1998; Agnor et al. 1999; Chambers 2001; O'Brien et al. 2006; Raymond et al. 2009 ).
To date, we are not aware of any N-body simulations that resolve both the runaway and oligarchic growth phase with more than about 10 4 particles. At this resolution, stochasticity likely has a significant influence on dynamical friction and resonances may not be sufficiently resolved. O'Brien et al. (2006) found that insufficient planetesimal resolution during the oligarchic growth phase limits the effectiveness of dynamical friction felt by the oligarchs, producing a population of embryos with unrealistically high eccentricities. This idea has also been applied to planet migration through a disc of planetesimals. Cionco & Brunini (2002) showed that resonances make a significant contribution to the dynamical friction torque exerted by the disc on the planet. This phenomenon requires the planetesimals to be finely resolved (Brunini et al. 2007) . Dynamical friction is also facilitated via resonances in galactic dynamics (Lynden-Bell & Kalnajs 1972) . Weinberg & Katz (2007a,b) examined the effect of N-body particle counts on galaxy dynamics and showed that resonant interactions between the bar and halo were only effective with sufficient particle phase space coverage.
For these reasons, we motivate the need for a high resolution N-body simulation of planetesimal growth. We do this to better understand the effect that dynamical friction has on the intermediate stages of terrestrial planet growth and to examine what predictions a high resolution model makes about the residual population of planetesimals in the Solar System. In particular, resonances which are only effective with fine enough resolution, may have an important influence on planetesimal growth. In this paper, we investigate planetesimal evolution during the runaway and oligarchic growth phases with a direct N-body model. We begin by simulating an annulus of planetesimals with similar resolution to Kokubo & Ida (1998) to validate our model. We then run the same configuration with 100x more particles to better understand the effects of resolution on the intermediate stages of terrestrial planet growth.
In section 2, we describe the simulation code that we use and provide a detailed description of the collision model. We also summarize the initial conditions used. In section 3, we present the results of the low and high resolution simulation of terrestrial planet growth and highlight differences between the two. We find that a bump develops in the mass distribution of the high resolution simulation, which does not appear in the low resolution run. This feature manifests itself shortly after oligarchic growth commences and we infer that it is produced by extra heating via mean motion resonances between the oligarchs and small planetesimals. To further demonstrate this effect, we re-run the high resolution simulation with a narrower annulus (depopulating many of the resonances) and show that this reduces the prominence of the bump in the mass distribution. In section 4, we present a set of collisionless simulations of a planetary embryo embedded in an annulus of planetesimals. This more clearly demonstrates the differences in dynamical behavior between the low and high resolution models. In section 5, we present two more simulations of planetesimal growth at intermediate resolutions and demonstrate that the location of the bump is sensitive to the initial planetesimal mass. Finally, section 6 connects these new results to our present understanding of terrestrial planet growth and we discuss the additional steps necessary to use our results to constrain the initial size of planetesimals in the Solar System.
SIMULATIONS

Numerical Methods
All of the simulations described in this paper were performed with the highly parallel N-body code ChaNGa 1 . ChaNGa is written in the CHARM++ programming language and has been shown to perform well when using up to half a million processors (Menon et al. 2015 ) simultaneously. Gravitational forces are calculated using a modified Barnes-Hut tree algorithm with hexadecapole order expansions of the moments. For all of the simulations described in this paper, a node opening criterion of Θ BH = 0.7 was used. Richardson et al. (2000) was able to resolve mean motion resonances in a terrestrial disc using a similar tree code with the same node opening criterion, so we expect that our model should properly handle resonance effects as well. The equations of motion are integrated using a kick-drift-kick leapfrog scheme. For more information about the implementation of ChaNGa see Jetley et al. (2008) .
Collision Model
ChaNGa is a smoothed particle hydrodynamics code originally designed for cosmology simulations. In order to use ChaNGa to study planetesimal coagulation, we implemented a hard-body collision model that treats particles as solid objects with a fixed radius, rather than as smooth tracers of a fluid with a characteristic softening length. This work was largely based off of the hard body collision implementation in pkdgrav, which is described in Richardson (1994) and Richardson et al. (2000) .
Collisions are predicted at the beginning of each drift step by extrapolating the positions of the particles forward using the velocities calculated during the first kick. For each particle, the closest 64 neighbors are considered in the collision search. Because ChaNGa is a tree code, the nearest neighbors of a particle can be retrieved in O(N log N) time. After extrapolating the positions forward and checking for overlap with any neighbors, the earliest collision time t coll is stored for each particle.
After the prediction phase, particles with t coll less than the time step size ∆T must have their collisions resolved. For simplicity, all collisions in our simulations result in perfect accretion. Wetherill & Stewart (1993) showed that excluding the effects of fragmentation and collisional rebound does not qualitatively change the growth modes of the planetesimals. A merger between two particles of mass m 1 and m 2 results in a single particle of mass M = m 1 + m 2 , with the radius set to conserve density. The position and velocity of the resulting particle is set to the centre of mass position and velocity of the colliders at the moment of contact. The resulting merged particle is then drifted to the end of the step. If multiple collisions are predicted during a time step, the earliest collision is resolved first. Because resolving a collision can result in another imminent collision, collisions must be resolved one by one, with a new prediction check being run each time.
As in Kokubo & Ida (1996 we accelerate the accretion process by artificially inflating the physical radius of the bodies by a factor of f . This technique reduces the accretion time-scale by approximately a factor of f 2 , significantly reducing the number of timesteps that must be integrated. Additionally, inflating the particle radii allows us to use a smaller annulus with less planetesimals. The reason we cannot use an arbitrarily skinny annulus is because the edges tend to expand outward due to the unrealistic boundary conditions, decreasing the surface density. The time-scale for this expansion is set by the two body relaxation time-scale, which scales with N. Reducing the accretion time-scale by increasing f allows us to study planetesimal growth with a smaller, less computationally expensive annulus.
We must be careful, however, to choose a value of f that is not too large. The rms eccentricity and inclination of the planetesimal disc grows as gravitational encounters transform energy due to Keplerian shear into random motions. By accelerating the growth rate, we cause the transitions between growth modes to happen early, when the disc is less dynamically excited. This discrepancy is partly compensated for by the fact that our model ignores the effects of gas drag, which would damp the eccentricities and inclinations of the planetesimals. We adopt f = 6 for our calculations, which reduces the amount of gravitational scattering by less than 10% of its true value and does not qualitatively change the modes of planetesimal growth (Kokubo & Ida 1998 ).
Initial Conditions
We begin by using our collision model to perform two sets of calculations:
(i) 10 6 equal mass bodies with m = 1.2 × 10 21 g (ii) 4000 equal mass bodies with m = 3 × 10 23 g As previously mentioned, simulation (ii) is meant to be compared with the results of Kokubo & Ida (1998) . This allows us to both validate our collision model and also have a baseline to compare our simulations to. In both cases, the planetesimals are distributed randomly in an annulus centred at 1 AU with a width ∆a = 0.085 AU around a 1 M ⊙ star. This annulus width was chosen so that the required particle count is minimized without boundary effects influencing planetesimal growth. The surface mass density . Evolution of the maximum (solid curve) and mean (dashed curve) planetesimal mass in the N=4000 and N=10 6 particle simulations. At early times, the maximum mass grows more quickly than the mean mass, which is indicative of runaway growth. After a few thousand years, the separation between the curves becomes a constant factor, signalling the start of oligarchic growth.
of the ring is set to 10 g cm −2 , which approximately corresponds to the minimum-mass solar nebula model (Hayashi 1981) at 1 AU. In case (i), the eccentricities and inclinations are taken from a Rayleigh distribution (Ida & Makino 1992) with e 2 1/2 = 2 i 2 1/2 = 4h/a, where h is the mutual Hill radius. To match the same eccentricity and inclination dispersion with larger planetesimals in case (ii), we use e 2 1/2 = 2 i 2 1/2 = 0.635h/a. In both simulations, the planetesimals are given an internal density of 2 g cm −3 . We use fixed timesteps with ∆T = 0.0025 years and evolve the simulations for 20,000 years. Large timesteps diminish the effectiveness of gravitational focusing, which inhibits the collision rate. We find that the collision rate is converged below ∆T = 0.0025 years. The integration time was chosen to be comparable to the orbital repulsion and Hill radius growth time-scale (Kokubo & Ida 1995) so that the effects of oligarchic growth are fully realized by the end of the simulation.
It is worth noting that simulation (i) was a very computationally expensive undertaking. In total, the full 20,000 years of integration required approximately 130,000 CPU hours and over 50 days of wall clock time.
RESULTS
Low vs High Resolution
We begin by comparing the evolution of growth between the low resolution (N=4000) and high resolution (N=10 6 ) models. As planetesimals collide and grow, gravitational focusing becomes increasingly effective and the relative growth rate increases with mass (Greenberg et al. 1978) . Figure 1 shows the evolution of the average and maximum planetesimal mass in both simulations. Runaway growth at early times is evident from the fact that the maximum mass grows more quickly than the mean mass. Eventually, the largest bodies begin to dynamically heat the neighboring planetesimals, which slows the growth rate of the largest bodies.
When gravitational focusing and dynamical friction are both effective, the growth rate of a planetesimal of mass M is given by:
where Σ is the surface density of solid material and e m is the rms eccentricity of the planetesimals (Kokubo & Ida 1995) . Before the oligarchs form, the eccentricity dispersion is independent of mass and the fractional growth rate scales like dM/dt ∝ M 4/3 (Ida & Makino 1993) . This implies that large bodies grow more quickly than small bodies, hence the runaway effect. Once the oligarchs form and dynamical friction becomes effective, energy equipartition causes the velocity dispersion to evolve toward v m ∝ M 1/2 . Using v m ∝ e m (Armitage 2013), the growth rate during the oligarchic growth phase scales like dM/dt ∝ M 2/3 . Note that this does not imply that smaller bodies grow more quickly than large bodies. Rather, the growth rates tend towards the same value. This is reflected in figure 1 , where the slope of the maximum mass curve flattens out to match the slope of the mean mass curve after a few thousand years.
Comparing the two panels in figure 1, it is also evident that the rate of growth is more vigorous in the high resolution case. This is due to the fact that the collision time-scale, given by
is shorter in the latter case, where n is the number density Figure 2 . Snapshots from the low and high resolution models in the a − e plane. On the left, the light dots represent individual planetesimals, while the contours on the right hand plots represent curves of constant number density. The contour levels are the same between all panels and correspond to 7.8 × 10 6 , 1.6 × 10 7 , 2.3 × 10 7 , and 3.1 × 10 7 planetesimals per AU per unit eccentricity. The black circles denote the configuration of the 6 largest bodies in the simulation, with the area of the circles scaled to the mass of the body. The horizontal error bars are scaled to 5 times the Hill radius of the bodies.
of planetesimals, σ is the gravitational focusing cross section and v is the typical encounter velocity. In terms of the total number of particles in the simulation N, these three quantities scale like n ∝ N, σ ∝ N 2/3 and v ∝ const so that
(3) Figure 2 shows the a-e distribution of planetesimals at three snapshots from both simulations. In both cases, the eccentricity dispersion grows as energy from Keplerian shear is transformed into random motion, an effect known as viscous stirring (Ohtsuki et al. 2002) . The black circles denote the semi-major axis and eccentricity of the 6 largest bodies. The area of the circles indicates the mass of the bodies and the horizontal bars are each scaled to 5 times the Hill radius of the bodies. Gravitational scattering between the oligarchs, coupled with dynamical friction from the surrounding planetesimals, places the oligarchs on low eccentricity orbits that are spaced apart by a 5-10 Hill radii via orbital repulsion Kokubo & Ida (1998) .
Next, we examine the evolution of the mass distribu-tion of planetesimals. This is shown in figure 3 . At early times, both models exhibit a power law distribution N(< M) ∝ m −p , where p = 1.5 for the small bodies. A mass distribution with this slope is characteristic of runaway growth (Wetherill & Stewart 1993) . The top panels show the mass distribution from both simulations at the end of the the runaway growth phase. In all subsequent snapshots, the mass distribution deviates from a single power law as the most massive bodies break away from the distribution, signalling the start of oligarchic growth. This happens sooner in the high resolution case. The bottom panels show the mass distribution at the end of the simulation at T = 20,000 years.
Besides the fact that growth is more vigorous at higher resolution, the final mass distribution of planetesimals in the N = 10 6 case develops a feature that does not appear in the low resolution model. In the low resolution case, the low mass end of the mass distribution of planetesimals retains a single power law slope. The high resolution model, on the other hand, develops a bump in the mass distribution near 10 22 g. 
Explaining the Bump in the High Resolution Mass Spectrum
We would next like to determine what produces the feature at 10 22 g in the high resolution simulation and why it is absent from the low resolution run. Upon close inspection of the simulation snapshots, both models retain a mass distribution that follows a single power law up until the onset of oligarchic growth. The bump in the high resolution mass spectrum becomes visible shortly after the oligarchs form.
Over the course of the simulation, the bump gradually becomes more prominent. Because the bump appears shortly after the first oligarchs do, its presence is likely tied to the formation of the oligarchs. Other investigations of planetesimal growth have revealed a similar bump in the size frequency distribution (SFD) at intermediate masses. Morbidelli et al. (2009) found that the location of this bump was set by the initial size of the planetesimals. Objects smaller than this size were created through disruptive collisions, which resulted in a shallower slope on the SFD to the left of the bump. Our collision model does not allow for fragmentation, so we must look for another explanation.
Weidenschilling (2011) showed that a bump in the SFD was an artefact of the transition between shear and dispersion dominated growth. Objects in the shear regime, whose encounter velocities are dominated by the differential rotation of the disc, grow more slowly than those in the dispersion regime, whose encounters are set by the random velocity dispersion. Because the velocity dispersion varies with planetesimal mass, both of these growth modes can operate simultaneously. Energy equipartition should cause the velocity dispersion to decrease with mass, so the transition between shear and dispersion dominated growth should happen at some intermediate mass. Finally, the smallest bodies have a velocity dispersion that exceeds their escape velocities, which sets a third, slow mode of growth in which gravitational focusing is ineffective. Although our high resolution simulation resolves all three modes of growth, we find that the boundaries between these modes smoothly and steadily evolve. Over the course of the simulation, the shear-dispersion boundary increases from about 10 22 g to 10 25 g, while the dispersion-escape boundary evolves from about 10 21 to 10 24 g. Any artefacts that these boundaries would leave on the planetesimal mass distribution should get washed out, so we also rule these out as explanations for the 10 22 g bump. Although the boundary between shear and dispersion dominated growth does not seem to be producing the bump, there still must be some kind of transition between growth modes occurring near this mass. As shown by equation 1, the growth rate is controlled by both the surface density of the planetesimals and their eccentricities. In figure 4 , we show the rms eccentricity and surface mass density of the planetesimals as a function of mass at the end of the runaway growth phase (blue points) and at the end of the simulation (orange points). In this figure, each point corresponds to the relevant quantity calculated for all planetesimals with the exact same mass. Because the simulations start with equal mass planetesimals which grow via pairwise collisions, the masses take on discrete, linearly spaced values. We found that logarithmically binning the mass values alters the shape of the distributions, especially in the high resolution case where the quantities span many orders of magnitude. For this reason, we chose not to bin any of the data. The error bars in figure 4 are obtained via 10,000 iterations of bootstrap resampling. For the high resolution simulation, the error bars at low mass are smaller than the size of the points.
The surface density was determined by calculating an azimuthally averaged density profile using the analysis package PYNBODY (Pontzen et al. 2013 ). The surface density for each planetesimal mass was taken to be the average surface density for those particles in a single radial bin from 0.9575 to 1.0425 AU, which spans the initial boundaries of the annulus.
One might expect that the rms eccentricity spectrum should eventually reach energy equipartition (e ∝ m −1/2 ), but this has been shown to only occur with a sufficiently steep mass distribution (Rafikov 2003) . In our case, the mass distribution is shallow enough that the velocity evolution of the low mass bodies is set only by interactions with large planetesimals. The mass below which which this occurs, shown by the vertical dashed lines in figure 4 is given by: (Ida & Makino 1993; Ormel et al. 2010) . Below this mass, planetesimals do not produce a dynamical friction wake and their velocity evolution becomes independent of mass (Rafikov 2003) . Because we started with equal mass planetesimals, the mass distribution was steep at early times. A power law slope steeper than p = −2 should produce a massdependent velocity distribution everywhere (Rafikov 2003) .
In the top right panel of figure 4 , the rms eccentricity distribution is not entirely flat below M stir , which is likely due to the evolving mass spectrum. The analysis of Rafikov (2003) , however, assumes a static mass spectrum. At late times, a power law break in the surface density distribution forms near 10 22 g in the high resolution simulation. Because the surface density is tied to both the mass distribution and the spatial distribution of planetesimals, it is difficult to learn anything else about the dynamics that are altering the growth rate from this information alone. We will examine this further in section 4.3.
Given the power law break in the surface density distribution below 10 22 g, we infer that there must be a dynamical mechanism at work that alters the collision rates of the low mass bodies. By the time that the 10 22 g bump begins to appear, the planetesimals are sufficiently hot enough to render gravitational focusing ineffective (equation 1 is also no longer applicable). In this case, any additional heating actually increases the collision rate. Because this effect appears around the time of the onset of oligarchic growth, it likely has something to do with dynamical friction between the oligarchs and the planetesimals. In the next section, we examine how dynamical friction might be acting more strongly on the small planetesimals.
DYNAMICAL FRICTION AND RESOLUTION
Although the Chandrasekhar formula (Chandrasekhar 1943) contains no dependence on particle mass, the 'granularity' of the surrounding medium has been shown to influence the action of dynamical friction (Brunini et al. 2007 ). This is because the individual kicks from gravitational encounters become less frequent and more powerful at coarse resolution, introducing extra stochasticity as the system evolves toward energy equipartition. O'Brien et al. (2006) showed that a finely resolved planetesimal distribution during the oligarchic growth phase produced planetary embryos with low eccentricities. They did not, however, examine the mass spectrum to see if dynamical friction was preferentially heating the smallest planetesimals. In addition, their simulations only contained a few thousand particles, while our high resolution run contains in excess of 200,000 bodies at the onset of oligarchic growth. Comparing the largest embryos at the end of simulation (i) to their results, we find that the largest embryo in our high resolution run has an eccentricity that is a factor of 2 smaller than the embryos produced by O'Brien et al. (2006) . In addition to altering the cumulative effect of close gravitational encounters, there is evidence that energy and angular momentum exchange through resonances is more effective with fine granularity. For example, in collisionless simulations of galaxies, Weinberg & Katz (2007a,b) showed that a minimum number of particles was required to populate resonances and couple the rotation of a bar to the central halo cusp through Lindblad resonances. If the resolution was too coarse, gravitational potential fluctuations would scatter particles out of resonances and prevent any strong torque between the bar and the halo. Likewise, Cionco & Brunini (2002) showed that resonant torque has a measurable effect on the on the interaction between a planet and a planetesimal disc.
Resolved Resonances
During the oligarchic growth phase, a handful of massive bodies lose energy and angular momentum to the surrounding medium. The previous runaway growth phase leaves behind a steadily varying spectrum of planetesimal masses, whose number decreases with mass. Assuming the planetesimals are randomly distributed throughout the disc, the granularity can be thought of as increasing with mass. This implies that the dynamical friction should be more effective for the smallest planetesimals. Because the planetesimals appear to be more strongly heated below a certain mass threshold, we hypothesize that the change in growth modes has to do with the activation of resonances, rather than a smooth decrease in the stochasticity of scattering events.
Because spiral features like those seen in Weinberg & Katz (2007a,b) and Cionco & Brunini (2002) are unlikely to form in such a narrow annulus, we will consider the effects of mean motion resonances (MMRs), which are a subset of the Lindblad resonances considered in the aforementioned studies. In order to determine the resolution required to resolve MMRs, we calculate the libration width of first order MMRs associated with the oligarchs and compare it to the average radial spacing between planetesimals as a function mass. The average radial spacing is given by:
where ∆a is the width of the annulus and N(m) is the number of planetesimals of each mass. Because the mass distribution has a negative slope and we expect planetesimals of varying mass to be randomly distributed about the disc, the radial spacing between planetesimals should increase with mass. For a fixed resonance width, there should be a cutoff in mass, below which planetesimals are more strongly affected by the resonances. The libration width of a first order mean motion resonance can be derived analytically using the pendulum approximation (Murray & Dermott 2000) and is given by:
where a is the semi major axis at the centre of the resonance, e is the eccentricity of the body in resonance and
is the mass ratio of the body associated with the resonance to the central body, α is the semi-major axis ratio associated with the resonance and f d (α) is the disturbing function. For an interior first order resonance, the disturbing function can be expressed as: 
The derivative in the second term of equation 7 can be written in terms of the Laplace coefficients (Murray & Dermott 2000) :
(9) Figure 5 shows the libration width and average radial spacing of the planetesimals as a function of mass at the end of the high resolution run. To calculate the libration width as a function of planetesimal mass, the e used in equation 6 was taken to be the average eccentricity in each mass bin, while a was set to the semi-major axis of the largest oligarch in the simulation. The slight variation in the resonance width as a function of mass is due to the variation in eccentricity. The error bars on the radial spacing data are calculated from Poisson statistics.
This calculation was done for the 15:14 and 65:64 mean motion resonances. The 15:14 resonance is the most distant first order resonance relative to an oligarch at 1 AU that still lies within the annulus of planetesimals. The 65:64 resonance is the closest MMR for which the libration width is smaller than the spacing between resonances. Higher first order resonances should not exhibit any resolution dependence because they overlap. For planetesimals less massive than about 10 22 g, the average particle spacing drops below the libration width. Bodies below this mass cutoff, which we will refer to as the resonance heating mass M r es , are more likely to populate MMRs. This provides an explanation for how the oligarchs are preferentially heating the low mass bodies. Comparing with figure 4, the mass of the power law break in the surface density matches very closely with M r es , which also matches the location of the 10 22 g bump in figure  3 . Over the course of the simulation, M r es increases by no more than a factor of 2, so the growth mode boundary could easily leave an imprint on the mass spectrum, unlike the shear/dispersion dominated growth boundary, which evolves from 10 22 to 10 25 g.
In the restricted three-body problem, the orbital parameters of a test particle receiving energy and angular momentum via a mean motion resonance will evolve in the following way (Murray & Dermott 2000) :
where a is in units relative to the semi-major axis of the perturbing body. In the above equation, the inclination is assumed to be negligibly small. Equation 10 can be used to place an upper limit on the change in eccentricity that a planetesimal in resonance will experience. Because any δa larger than the resonance width will remove the planetesimal from the resonant influence of the oligarch, δe is also restricted by the resonance width. Taking a ≈ 0.95 (the location of the 15:14 resonance), e ≈ 10 −3 and δa ≈ 10 −4 (the libration width of the 15:14 MMR) we predict a first order change in eccentricity of 10 −4 . This value is small relative to the rms eccentricity of the planetesimals, which explains why the effects of the mean motion resonances are not visible in figure 2 or in the top right panel of figure 4 .
Because the resonances are not possible to pick out by eye on an a − e plot, we ran a modified version of simulation (ii), the purpose of which is to show how planetesimal growth proceeds when the mean motion resonances are not present. The initial conditions are identical to those described in section 2.3, except that the annulus only extends from 0.98 to 1.02 AU. This effectively depopulates all of the first order mean motion resonances below the 26:25 resonance. It was not possible to use an annulus skinnier than this without introducing strong boundary effects which influence the growth of the planetesimals. This makes it impossible to depopulate all of the resolved resonances. The mass spectrum at the end of the skinny annulus simulation (also evolved for 20,000 years), along with the mass spectrum at the end of the high resolution growth simulation, is shown in figure 6 . With a narrower annulus, the change in slope of the mass distribution below 10 22 g is noticeably weaker. We attribute this to the fact that the resonant interaction between the planetesimals and oligarchs is diminished because many of the MMRs are now empty. Figure 6 . The cumulative fraction of bodies as a function of mass in the wide (solid dark curve) and narrow (gray curve) high resolution growth simulations. Decreasing the annulus width, which depopulates resonances, produces a less prominent 10 22 g bump.
Planetesimal and Oligarch Mixing
Although figures 5 and 6 provide strong evidence that the 10 22 g bump is being produced by mean motion resonances, it is not immediately clear how the resonances affect such a large fraction of the planetesimals. To have a noticeable effect on the mass distribution, the oligarchs must be affecting bodies below M r es everywhere in the disc, not just within the small fraction of space covered by the MMRs at a given time.
We infer that both the oligarchs and planetesimals slowly wander through the annulus due to occasional scattering events. This continually replenishes the population of planetesimals that are sitting inside of resonances. The orbital repulsion effect described by Kokubo & Ida (1998) , which moves the oligarchs around, alters the location of the mean motion resonances. In addition, we infer that the planetesimals are occasionally scattered by the oligarchs. These two effects slowly cycle different planetesimals through the resonances and allow the oligarchs to eventually heat a large fraction of the small bodies.
In order for this effect to work, the bodies must keep a constant semi-major axis long enough for resonant interactions to play out, while still moving by an appreciable amount over the course of the simulation. The strong scattering time-scale for oligarch-oligarch interactions and oligarchplanetesimal interactions is shown in figure 7 . In both cases, the average time between scattering events falls between the longest resonance time-scale (set by the 65:64 resonance) and the growth time-scale (set by the duration of the simulation). This indicates that the scattering is vigorous enough to occur many times over the course of the simulation, while still being slow enough to allow mean motion resonances to act. The scattering rate is given by (Murray-Clay & Chiang 2006) where Σ and m are the surface density and individual masses of the bodies being scattered, Ω p is the orbital angular velocity of the bodies and R h , v h and u are the Hill radius, Hill velocity and velocity relative to the local Keplerian velocity of the object doing the scattering. From these results, we conclude that the two simultaneous modes of growth are driven by a difference in the way that dynamical friction acts on loosely and densely packed populations of planetesimals. In the tightly packed case, energy transfer between the oligarchs and planetesimals is facilitated by mean motion resonances with the largest bodies.
Collisionless Dynamics
So far, the most direct evidence of the resonance heating effect that we have shown is the power law break in the surface density distribution in the bottom right panel of figure  4 . Because the surface density depends on both the mass distribution and spatial distribution of the planetesimals, it is difficult to tell whether the power law break is caused by resonances moving the planetesimals around or is simply set by the mass distribution. To clear up this ambiguity, we ran an additional set of simulations in which a large planetary embryo is embedded in an annulus of planetesimals, this time ignoring the effects of collisions. This forces the mass distribution to be static. The initial conditions for these simulations were taken from intermediate snapshots from the runs described in section 3. Specifically, the initial conditions are taken from the end of the runaway growth phase, which correspond to the snapshots shown in the top row of figure 3. Additionally, a planetary embryo is placed in the centre of the annulus at 1 AU with an eccentricity of 0.02 and an inclination of 0.01. The mass of the embryo is set at M = 10 26 g, which is ap-proximately the mass of the largest oligarch at the end of the high resolution simulation. Because collisions are ignored, close encounters are handled with a gravitational softening parameter, the length of which is set to the physical radius of the planetesimals. Both runs are integrated for 2,000 years with fixed timesteps of 0.0025 years. We will refer to the collisionless versions of these simulations as e low and e hi , respectively. To further demonstrate that the dynamical excitation of the small planetesimals is driven by mean motion resonances, we also ran a high resolution collisionless simulation with planetesimals outside of the a = 0.99 to 1.01 AU range excluded. We will refer to this simulation as e narr ow .
As we saw previously, the resonance heating effect manifests itself as an increase in the spacing of the low mass planetesimals. Figure 8 shows the planetesimal surface number density at the end of the e hi (left) and e narr ow (right) simulations described above. The vertical dashed lines indicate the locations of the non-overlapping first order mean motion resonances with the embryo. The blue curves show the number density of planetesimals below the resonance heating mass, which is 2 × 10 22 g in this case. The orange curves show the number density of planetesimals above this mass. Finally, to demonstrate that the difference in dynamical behavior between the low and high mass planetesimals is a population effect, the green curve shows the number density of a subsample of planetesimals randomly drawn from the low mass group, such that the total number of planetesimals in the subsample matches that of the high mass group.
In both cases, the particle number density is slightly enhanced around 1 AU, which is due to bodies trapped in the corotation resonance with the embryo. For the wide annulus, the surface number density decreases and then begins to increase again approximately 0.01 AU away from the embryo. As is evident in the left panel of figure 8 , the location at which the number density begins to increase corresponds to the location of the closest non-overlapping (j < 65) mean motion resonances. Due to conservation of the Jacobi energy (see equation 10), interior MMRs will push bodies inward, while exterior resonances move bodies outward. This effect was also observed by Richardson et al. (2000) (see model B) in that the density decreases to the right of interior resonances and increases to the left. Because our setup contains many closely spaced resonances, the cumulative effect is that the density smoothly increases as one moves through the resonances.
Hence, the number density distribution acquires a 'W' shape around the embryo, with the low points corresponding to the inner edges of the resonant regions. An inspection of the earlier snapshots from this simulation shows that the 'W' structure becomes deeper and narrower with time. This is consistent with our resonance heating argument because the resonance time-scale decreases as one moves away from the embyro. The stronger, closer resonances become effective last, causing the profile to deepen and narrow with time.
The strength of the resonance heating effect depends on the number density of bodies outside of the 0.99 < a < 1.01 AU region, where the resonances are not overlapping. The 'W' shaped structure relative to the noise of the high mass (orange) and subsampled population (green) is weak compared to the low mass population (blue) due to the fact that there simply aren't many bodies sitting within the resonances. This structure is entirely absent from the narrow annulus, shown in the right hand panel of figure 8 because the planetesimal number density near the resonances is too low. We infer that this decrease in number density of the low mass bodies adjacent to the embryo must also be present in the high resolution growth simulation and is enhancing the collision rate below the resonance heating mass.
We also examine the eccentricity evolution of the planetary embryo in the three collisionless simulations, shown in figure 9 . A decrease in the eccentricity of the embryo indicates that energy and angular momentum is being lost to the planetesimals. A steeper drop in eccentricity implies that the exchange happens more quickly and that the effects of dynamical friction are stronger. Only when the resonances are properly resolved and populated does the exchange appear to happen quickly. In both the e skinny and e low simulations, the decrease in eccentricity of the embryo is gradual. This implies that dynamical friction is stronger and energy and angular momentum exchange between the oligarchs and planetesimals proceeds faster when the mean motion resonance heating is effective.
DEPENDENCE ON INITIAL PLANETESIMAL MASS
In order to demonstrate that our results are robust, and also to gain some insight into how the resonance heating mass is related to the initial planetesimal mass, we ran two more simulations of planetesimal growth at intermediate resolutions. Our choice of initial planetesimal mass in the high resolution simulation was somewhat arbitrary and understanding how this parameter affects the resulting distribu-10 21 10 22 10 23 10 24 10 25 10 26 Mass [g] 10 5 10 4 10 3 10 2 10 1 10 0 Cumulative Fraction (>M) m 0 = 1.2 × 10 21 g m 0 = 2.4 × 10 21 g m 0 = 4.8 × 10 21 g Figure 10 . The cumulative mass distribution of planetesimals at the end of the three high-resolution growth simulations. The vertical lines represent the mass at which the planetesimal spacing in semi major axis falls below the libration width of the MMRs. tion of masses is necessary in order to connect our results with observations of small Solar System bodies.
The configurations used were identical to the high resolution run described in section 2.3, except that the particle count was changed. These two additional runs contained 250,000 and 500,000 starting planetesimals, which corresponds to m = 2.4 × 10 21 and m = 4.8 × 10 21 g, respectively, at the same surface density. To match the same eccentricity dispersion as the models described in section 2.3, we used e 2 1/2 = 3.17h/a and e 2 1/2 = 2.52h/a, with the inclination dispersion set to half of those values. Figure 10 shows the mass spectrum at T = 20,000 years in the high resolution growth simulations, along with the intermediate resolution growth simulations mentioned above. In all three cases, the bump in the mass distribution approximately matches up with the resonance heating mass. There is a clear positive trend between the resonance heating mass and the initial planetesimal mass m, which we attribute to two things. First, larger planetesimals will be spaced further apart for a fixed disc surface density. This pushes the intersection point between the planetesimal spacing and libration width to higher mass. Secondly, larger initial planetesimals will cause oligarchic growth to begin at a higher mass (Morishima 2017) . This increases the libration width of the resonances, which moves the intersection between planetesimal spacing and resonance width to a higher mass.
The size frequency distribution of asteroid belt objects is known to exhibit a power law break around around 1.05 × 10 21 g (Jedicke et al. 2002) . The fact that the knee in the mass distribution is reproducible and appears sensitive to m 0 demonstrates that this value could be tuned to constrain planetesimal formation models by matching the observed mass of the bump with simulations. There is evidence that the shape of the SFD for asteroid belt objects more massive than about 100 km reflects that of the pri- Figure 11 . A comparison between the cumulative number of objects in our high resolution growth simulation (black curve) and the present day asteroid belt (Bottke et al. 2005 ) (gray curve) as a function of size and mass. mordial population ). Although the purpose of this paper is not to try to tune the model to match observations, we show the mass distribution from the N = 10 6 growth simulation alongside the SFD of asteroid belt objects (Bottke et al. 2005) in figure 11 for comparison. Although the bump location in all of our simulations is larger than 100 km, a smaller initial planetesimal mass would probably produce a better match. The slope of the mass distribution above the bump mass matches reasonably well in both cases, but the slopes on the low mass end are discrepant. As the results from figure 6 show, a wider annulus tends to produce a shallower slope below the resonance heating mass. A better match might be made by simulating a wider annulus which includes resonances further from the embryos. Unfortunately, simulating an annulus wide enough to resolve all of the first order MMRs would require an extremely large number of particles.
SUMMARY AND DISCUSSION
We have revealed a new mode of growth during the planetesimal accretion phase by simulating the interaction between oligarchs and planetesimals at unprecedented resolution. Shortly after the onset of oligarchic growth, a bump develops in the mass distribution of planetesimals. Below the bump mass, the surface density of planetesimals follows a shallower power law distribution. The break occurs near the mass at which the radial spacing of planetesimal matches the libration width of first order mean motion resonances with the oligarchs. These resonances, which are preferentially populated by the more numerous low mass planetesimals, act as effective pathways for dynamical friction to transfer energy and angular momentum from the oligarchs to the planetesimals. This result is analogous to the resolution dependence that Weinberg & Katz (2007a,b) found when examining the interaction between the bar and halo of a galaxy. This also matches the results of O'Brien et al. (2006) and Cionco & Brunini (2002) , which showed that finer granularity in a planetesimal disc increases the effectiveness of dynamical friction. Bodies below the bump mass, which are packed tightly enough together to populate the resonances receive a disproportionate amount of energy and angular momentum from the oligarchs. Because this happens when the disc is hot enough to render gravitational focusing ineffective, this enhances the growth of the smallest planetesimals and produces a bend in the mass distribution.
Additionally, we ran a high resolution planetesimal growth simulation in which the width of the annulus was limited to exclude some of the resonances. Doing so mostly suppressed the formation of the bump near the resonance heating mass, although it did not completely get rid of it. We attribute this to the fact that we cannot make the annulus narrow enough to exclude all of the important resonances without introducing strong boundary effects which interfere with planetesimal growth. The fact that the feature in the mass distribution was greatly diminished when the many of the resonances were excluded is strong evidence that the MMRs are responsible for creating this bump.
We confirmed this dynamical effect by placing a massive oligarch into a smoothly varying distribution of planetesimal masses. Within a few thousand orbits, the low mass planetesimals sitting within the zone of influence of the resonances began to migrate outwards, leaving a dearth of low mass bodies around the embryo. This effect did not appear when we simulated a similar heterogeneous distribution of masses, but limited the width of the annulus to exclude many of the MMRs. Additionally, the eccentricity of the oligarch decreased much more quickly when placed in a finely resolved disc with populated MMRs.
This result is significant because it suggests a new potentially observable link between the planetesimal formation process and the residual population of planetesimals in the present day Solar System. We showed that the mass distribution in our highest resolution simulation looks qualitatively similar to the SFD of objects in the asteroid belt, which, for objects larger than ≈ 100 km, reflects the population of planetesimals at the end of the accretion stage ). We demonstrated that tuning the initial planetesimal mass in our simulation changes the location of the bump. This could potentially be matched with the observed 100 km feature in the asteroid belt to constrain planetesimal formation models. Additionally, using a wider annulus, which populates more of the first order MMRs, tends to produce a shallower slope on the low mass end of the mass distribution, which matches more closely with observations. As discussed in section 3.2, there are a couple of explanations for this bump feature which were obtained from statistical models of planetesimal coagulation. It is unlikely that this resonance heating effect would naturally emerge from a statistical growth model unless it was explicitly built in. For this reason, this resonance heating effect has likely not been considered before. To our knowledge, no one has ever run an N-body simulation of planetesimal accretion to the oligarchic growth phase at this resolution.
Our results show that a feature similar to the power law break in the size distribution of asteroid belt objects can be produced without the effects of fragmentation, in contrast to Morbidelli et al. (2009) . However, statistics of the collisions in our simulations indicate that fragmentation may be important. More than 50 percent of the collisions in the high resolution growth simulation occurred at a relative velocity above the mutual escape velocity. Assuming that the bodies involved are simple gravitational aggregates, these high velocity collisions should result in disruption, rather than growth. There have been both statistical (Wetherill & Stewart 1993) and N-body (Leinhardt & Richardson 2005 ) studies of the importance of fragmentation and both have found that excluding its effects does not qualitatively change the phases of planetesimal growth. However, we do not yet have enough information to make any conclusions about the effects of collisional fragmentation on resonance heated growth and this is worth examining with a more detailed accretion model.
